Permutation polynomials are an interesting subject of mathematics and have applications in other areas of mathematics and engineering. In this paper, we develop general theorems on permutation polynomials over finite fields. As a demonstration of the theorems, we present a number of classes of explicit permutation polynomials on F q .
Introduction
Let F q be the finite field with q elements, where q is a prime power, and let F q [x] be the ring of polynomials in a single indeterminate x over F q . A polynomial f ∈ F q [x] is called a permutation polynomial (PP) of F q if it induces a one-to-one map from F q to itself. A permutation on F q is a bijection from F q to itself. It is well known that every permutation on F q can be expressed as a permutation polynomial over F q .
Permutation polynomials over finite fields have been a hot topic of study for many years, and have applications in coding theory [6, 11] , cryptography [15, 22, 21] , combinatorial designs [8] , and other areas of mathematics and engineering. For example, Dickson permutation polynomials of order five, i.e., D 5 (x, a) = x 5 + ax 3 − a 2 x over finite fields, led to a 70-year research breakthrough in combinatorics [8] , gave a family of perfect nonlinear functions for cryptography [8] , generated good linear codes [2, 24] for data communication and storage, and produced optimal signal sets for CDMA communications [7] , to mention only a few applications of these Dickson permutation polynomials. Information on constructions, properties and applications of permutation polynomials may be found in Lidl and Niederreiter [16] , and Mullen [19] .
The trace function Tr(x) from F q n to F q is defined by Tr(x) = x + x q + x q 2 + · · · + x q n−1 . A number of classes of permutation polynomials related to the trace functions were constructed in [5, 4, 10, 18, 31] .
Recently, Akbary, Ghioca and Wang derived a lemma about permutations on finite sets [1] , which contains Lemma 2.1 in [29] and Proposition 3 in [31] as special cases, and employed this lemma to unify some earlier constructions and developed new constructions of permutation polynomials over finite fields. In [25] , with this lemma we derived several theorems about permutation polynomials over finite fields. These theorems give not only a further unified treatment of some of the earlier constructions of permutation polynomials, but also new specific permutation polynomials.
In this paper, we continue our investigations in [25] by employing this lemma in [1] again. We first develop generic theorems on permutation polynomials over finite fields with this powerful lemma. We then construct new permutation polynomials of explicit forms.
Auxiliary results & the main Lemma
In this section, we present some auxiliary results that will be needed in the sequel. Throughout this paper p is a prime and q = p e for a positive integer e.
A polynomial of the form
is called a q-polynomial over F q n , and is a permutation polynomial on F q n if and only if the circulant matrix
has nonzero determinant (see [9, p.362] ). In most cases it is not convenient to use this result to find out permutation q-polynomials, as it may be hard to determine if the determinant of this matrix is nonzero [9] . Hence it would be interesting to develop other approaches to the construction of permutation q-polynomials.
In the sequel we need the following Lemma whose proof is straightforward.
be a q-polynomial and let Tr(x) be the trace function from F q n to F q . Then, for each α ∈ F q n , we have
The polynomials 
Generic theorems on permutation polynomials
The following lemma is an application of Lemma 2.3, and is a variant of Theorem 1.4 (c) and Theorem 5.1 (c) in [1] . The following theorem is another application of Lemma 2.3, and is a variant of Lemma 3.1. 
On the other hand, by assumption we haveψ(v(x)) = 0 for every x ∈ A. Hence,
for all x ∈ A. Therefore, the following diagram commutes:
Applying Lemma 2.3 to this commutative diagram, we know that u(x) permutes A if and only if h is a bijection from S toS and u(x) is injective on each ψ −1 (s) for all s ∈ S.
For each s ∈ S, v(x) is a constant function on ψ −1 (s) by assumption. It then follows that
Summarizing the discussions above proves the desired conclusion.
As an application of Theorem 3.2, we have the following corollary.
Corollary 3.3. Let g(x) be a polynomial over
Proof. We now consider Theorem 3.2 and let A = F q . We first define
It is easily seen that #(S) = #(S) = q n−1 . We then define
By definition ψ is a surjection from A to S,ψ is a surjection from A toS and is additive, and h is a function from S toS.
Hence the diagram in Theorem 3.2 commutes.
By definition and assumption we have thatψ(v(x)) = 0 for every x ∈ A and v(x) is a constant on each ψ −1 (s).
Hence all the conditions in Theorem 3.2 are satisfied. Then the desired conclusion of this corollary follows from Theorem 3.2.
In order to apply Corollary 3.3 for the construction of explicit permutation polynomials on F q n , we need to find polynomials g(x) ∈ F q n [x] such that g q = g. We now search for such polynomials g(x).
Let d be a divisor of n and let n = kd. For any d with 1
Let h(x) be any polynomial over F q n . The following are examples of polynomials
Hence, there are many polynomials g(x) ∈ F q n [x] such that g q = g. In addition, there are a large number of linearized permutation polynomials L(x) ∈ F q n . Hence, Corollary 3.3 leads to a lot of new permutation polynomials over F q n of the form g(
As an application of Theorem 3.2, we have the following, which is different from Theorem 4 in [28] .
Theorem 3.4. Let t be an even integer and n
We then define
Then u(x) and v(x) are functions from A to A. It is straightforward to verify thatψ(u(x) + v(x)) = h(ψ(x)) for all x ∈ A. Hence the diagram in Theorem 3.2 commutes.
Corollary 3.5. Let s, t, n, k be nonnegative integers such that 2|t and n = 2k. Let β ∈ F q k , γ ∈ F * q , and δ ∈ F q n such that
is a PP over F q n if and only if γ = 0 and x q s + βγ −1 Tr(x) is a PP over F q n .
We have obviously the following commutative diagram:
Applying Lemma 2.3 to this commutative diagram, we know that x q s + βγ −1 Tr(x) permutes F q n if and only if γ = 0 and Tr(βγ −1 ) = −1. The desired conclusion then follows. This completes the proof.
We have also the following conclusion. Theorem 3.6. Let t and k be integers and n = 2k. Let δ ∈ F q k , where q is odd. Let α ∈ F q n with α q k = −α and β ∈ F q n with
L(x) is a PP over F q n if and only if L(x) is a PP over F q n .
. Then u(x) and v(x) are functions from A to A. It is straightforward to verify thatψ(u(x) + v(x)) = h(ψ(x)) for all x ∈ A.
6
By definition and assumption we have thatψ(v(x)) = 0 for every x ∈ A. Note that q is odd. We have v(x) = α(x q k + x + δ) t + 2 −1 βTr(x + x q k ). Hence, v(x) is a constant on each ψ −1 (s).
The following follows directly from Theorem 3.6. Corollary 3.7. Let s, t and k be integers and n = 2k. Let δ ∈ F q k and γ ∈ F q k , where q is odd. Let α ∈ F q n with α q k = −α and β ∈ F q n with β q k = −β. Then f (x) = α(x q k + x + δ) t + βTr(x) + γx q s is a PP over F q n if and only if γ = 0.
Corollary 3.8. Let q be odd. Let g(x) be a polynomial over F q n such that g(x)
q = −g(x) for every x ∈ F q n , and let L(x) ∈ F q [x] be a linearized polynomial. Let β ∈ F q n with β q = −β. Then for every δ ∈ F q n , the polynomial
permutes F q n if and only if L(x) permutes F q n .
It is easily seen that #(S) = #(S).
By definition ψ is a surjection from A to S,ψ is a surjection from A toS and is additive, and h is a function from S toS. By definition and assumption we have thatψ(v(x)) = 0 for every x ∈ A and
is a constant on each ψ −1 (s).
To apply Corollary 3.8, we have to find β ∈ F q n such that β q = −β and g(x) ∈ F q n [x] with g q = −g. Note that q is odd. It can be proven that x q = −x has only one solution x = 0 when n is odd, and q solutions when n is even.
We now turn to the search for g(x) ∈ F q n [x] with g q = −g. Below are examples of such polynomials g(x).
1. Let n = 2k and q be an odd prime power. For any
2. Let n be even and let 0 = a be an element of F q n such that a q + a = 0. For any
satisfies that g q = −g. For example, we have the following polynomials such that g(
(3.iv). If g(x)
and h(x) are polynomials with g(x) q = g(x) and h(x) q = −h(x), then we have
(3.v). If g(x)
and h(x) are polynomials with g(x) q = −g(x) and h(x) q = −h(x), then we have
The discussions above show that Corollary 3.8 yields many explicit permutation polynomials of the form g(
Theorem 3.9. Let n = 4k and δ be an element of 
permutes F q n if and only if g(x) q − g(x) + ax − aδ is a bijection from S toS. Let ab, b ∈S be any element inS. We want to show that the equation
has at most one solution. Note that g(x) q 2 = g(x). Raising both sides of (3-2) to the power of q, we obtain
Adding (3-2) and (3-3) together gives
and
It follows that
With the help of these equations, we obtain
Hence, (3-2) has a unique solution if and only if Tr(δ) = a. This completes the proof.
Theorem 3.9 is a generalization of Theorem 6 in [28] . Similarly, we have the following theorem whose proof is similar to that of Theorem 3.9 and is omitted. 
where 0 = a ∈ F q , permutes F q n if and only if Tr(δ) = −a.
We also have the following theorem. 
permutes F q 6 if and only if L(x) permutes F q 6 , where δ ∈ F q 6 .
Proof. It follows from Lemma 2.3 and the following commutative diagram:
The details of the proof are omitted. 
Proof. It follows from Lemma 2.3 and the following commutative diagram
The details of the proof are omitted.
At the end of this section, we present the following more generic theorem on permutation polynomials. 
be a linearized polynomial. Then for every δ ∈ F q n , the polynomial
Proof. To prove this theorem with Theorem 3.2, we define A = F q n and
We further define
With the assumptions in the theorem, we known that g(x) = ah(x) is a polynomial such that L(g(x)) = 0. One can verify that all the conditions in Theorem 3.2 are satisfied. The desired conclusion then follows from Theorem 3.2. 
Permutation polynomials of the form (ax
In this section, we investigate permutation polynomials of the form (ax q k − bx + δ) q n +1 2 + ax q k + bx, and generalize the permutation polynomials of the same form described in [27] , [28] , and [12] .
Let α be a primitive element of F q n , where q is a prime power, define D 0 =< α 2 >, the multiplicative group generated by α 2 , and Proof. For any given u ∈ F q n , we consider the following equation
Assume that x is a solution to (4-6), we distinguish among the following three cases. Case 1: ax q k − bx + δ = 0. By (4-6), we have ax q k + bx = u. Then these two equations lead 
Summary and concluding remarks
Recently, it has been a hot topic to construct permutation polynomials over finite fields of specific forms [3, 5, 4, 9, 10, 12, 13, 14, 23, 25, 18] . The main contributions of this paper are the general theorems on permutation polynomials described in Section 3 and explicit permutation polynomials documented in Sections 3 and 4. Many of the results presented in this paper are extensions and generalizations of earlier results on permutation polynomials in the references of this paper.
To employ the theorems in this paper for the construction of more permutation polynomials, we need to construct linearized permutation polynomials L(x). Let l(x) be any polynomial of degree at most n − 1 over F q with gcd(l(x), x n − 1), and let L(x) denote its q-associate. It then follows from Lemma 2.2 that L(x) is a linearized PP over F q n . The reader is referred to [25] for further information on this method.
